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In the following X, Y, Z will be Banach spaces; BX the closed unit ball
of X; £(X,Y) the class of all (linear and continuous) operators between X and
Y; Zm(X) the space of all bounded sequences in X attached with the sup-norm

II(xn)II 1= sup (lenll : neN}). The range of the family ('xi) is denoted by (xi).

1 Denoting by m(X) the_ subspace of lw(¥) of all sequences with relatively
compact range, B.N. Sadovskii [SA] defined the functor P in the following
way: -

(«) P(X) := £ _(X)/m(X) ;

(8) Te£(X,Y) — P(TIeLPO),P(Y)); P(T)(x )+m(X)) := (Tx Wm(Y) .
We call P the Sadovskii functor. Independently, it has been considered by
[BHW]. We denote by h the Hausdorff measure of noncompactness [BG)l: We have

PROPOSITION 1.(1) (HW] ||(xn)+m(xm = h(ix p .
(2) m(X) = {(x_)el (X) : h({x_})=0} .
n [ n

(3) [SA] P(T) is one-one ¢ T is upper semi-Fredholm .
(4) [SA] P(T)=0 & T is compact.

Lately, denoting by m"(X) the subspace of tw(X) of all sequences with
relatively weakly compact range, J.J. Bupni and A. Klein [BK] defined the
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functor P in the 'fgllowing way:
(@ P := & (X)/m"(X) ;
(8) Te2(X,Y) — PV (MePVx),PY(v); PY((x n)+m"’(xn = (Txn)+mw(Y) .

We call P" the Buoni-Klein functor. We denote by w the De Blasi measure of

weak noncompactness [DB]. We have

PROPOSITION 2.(1) [GM1] I|(xn)+mw(X)ll = w((xn))i .
2) m™(X) = {(x_)et (X) : wl{x_N=0} .
n’ o n
(3) (6M1] PY(T) one-one e» T is tauberian .

(4) (BK] P¥(T)=0 «=» T is weakly compact.

2 In the following wé shall associate to every ideal of operators a
functor and Qe shall study its properties, P and PY will be included as the
functors associated to the ideals of compact operators and weakly compact
operators, respectively.

4 will be an ideal of operators [PIl; «(X,Y):=4n£(X,Y). K. Astala has
given the following definition [AS]: for DcX bounded,

h 4(D) := inf {e>0 : 3Z, 3Ked(Z,X), DCKBZ+ch) .

In [GM1] we consider the class

m“(x) = ((xn)etw(X) : hd((xn))=0)
and we prove that m 4(X) is a closed subspace of lm(X). The generalized
Sadovskii functor associated to &, P 4 is defined in the following way:

(@) P‘(X) 1= £ (X)/m (X)

(B) Te2(X,Y) — P“(T)eZ(PJ(X).PA(Y)); PJ(T)((anmd(X)) = (Txn)+m4(Y)
v PROPOSITION 3. [GM1] h“((xn)) = ll(xn)*m‘d(X)ll.

If &4=Co, the compact operators, we obtain that P, is the Sadovskii

o

functor, m A(X)=m(X) and h 4=h. If 4=WCo, the weakly compact operators, then P y

is the Buoni-Klein functor, m 4(X)=mw(X) and h Yl

3 The above results have been analized in [GM2] in a broader context: Let
(E,d) be a complete metric space. We consider the. set of all bounded families
(xi) in E with index set I,
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tw(I,E) = ((xi)cE : (xi) bounded} ,
attached with the distance d((xi),(yi)) := sup (d(xi,yi) : iel}). Then lm(I,E)

is a complete metric space.
If Pb(E) := {A#2 : AcE bounded}, then a map p: Pb(E) — R is called a

set measure [MA] if u=0, p increasing and
(1) 3NePb(E). u(N)=0 .
(2) 3r(p)=zo0, VAePb(E),' ve>0, u(K(A,e)) = u(A) + r(ple .
(3) VA,BePb(E), u(AUB) = max {u(A),u(B)} .
Moreover, the kernel of p is defined by Ker(u) := (NePb(E) : u(N)=0}). In [MA]
it is show that for every set measure u there exists a canonic;l measure i
such that Ker(p.)=Ker(pc) and‘ we can take r‘(uc)=1.
If u is a canonical measure in E, and we denote by u(I,E) the subset of

'ZN(I.E) of all the families whose range belongs to Ker(u), then we have

PROPOSITION 4.(1) [GM2] u({x;}) = d((x),u(LE))

(2) [GM2] W(LE) is closed in £ (LE).
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