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Kaplansky proved in [6] that von Neumenn regular associative Banach algebras are
finite-dimensional. Recently, Benslimane and Kaidi showed in [ 1] that every von Neumann
regular noncommutative Jordan Banach algebra is a direct sum of a finite number of closed simple
ideals each of which is either finite-dimensional or an infinite-dimensional flexible quadratic
complex algebra. Yon Neumann regulerity in Jordan triple sysiems was first considered by
Meyberg [7] who proved that nondegenerate Jordan triple systems satisfying descending chain

- conditions on principal inner ideals are von Neumann regular.

The purpose of this note is to present our main results on von Neumann regular Jordan
Banach triple systems settled in [4].

We remind the reader the basic definitions and notétion on triples systems; as references we
mention the book [7]. Let @ be a commutative associative ring with 1 (1/2e®). A Jorden
lriple system (JTS) is a unital ®-module J with a quedratic map P :J — Enda,(d) such that the
following identities hold in all scalar extensions.

(1.1) v(x,y)P(x) = P(x)¥(y x)

y) V(P(x)y, y) = ¥(x, P(y)x)

1.3) P(P(x)y) = P(x)P(y)P(x) .

where Y(x, y)z = {xy 2} = P(x, 2)y = P(x+2)y - P(x)y - P(2)y.
A unitel Jordan algebra is a JTS with unit element 1 (P(1) = :d). Every Jordan algebra J
defined by & quadratic map U:J - Endg(J) end a squering operation gives rise to a JTS by
defining P(a) = U(a). Other examples of JTS are provided by rectangular nxm matmc% over
@ under P(a)b = abla, where bt denotes the transpose of the matrrix b.

Let J bea JTS. Asubmodule | of J iscalledan smer joke/ if P(INW C 1. An s/ isa
submodule N of J suchthat {JUN} + {UNJ}CN. A JTS J iscalled simp/e if {JJJ}=0
and J does not contain proper ideals.

A socle theory can be developed for JTS that extends that for associative and Jordan algebras
(see [2]). The main result of this theory, socle theorem, was suggested to the first author by
McCrimmon and proved in [3) for the special case of an associative triple system of second kind.
A JTS is called nondegensrate if P(a) =0 => a=0. It is well known thet an sssociative algebra
A is semiprime if and only if the JTS A* defined by P(a)b =aba is nondegenerate. _

~ THEOREM 1 (Socle thegrem). Let J be a nondegenerate Jordan tripie system. The socle Soc(J) of
J, defined to be the sum of all minimal inner ideals, is an ideal ¢f J. If J contains minimal
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inner ideals then Soc(J) is a direct sum of simple ideals each of which contains a minimal inner
ideal; Soc(J) is simple when J is prime.

Anelement a€ J is called von Meumeénn regulsr ( reguler) if thereexists b € J such that
P(a)b =& Anideal N of J is called ragu/ar if all its elements are regular. The following
result extends to JTS aresultof [S). A normed Jordsn triple syslem isa JTS over the complex
field with anorm || . || making continuous the triple product {atc}. If thenorm || .|| is
complete we say that J is a Jordan Banach triple system. '

THEOREM 2. (1) The socle of a nondegenerate Jordan triple system J (over a field of characteristic
= 2,3) isregular. "

(ii) If J isa nondegenerate Jordan Banech triple system, then the socle of J coincides with the -
unique maximal von Neumann regular ideal of J.

Let J bea JTS over afield F. Anelement ¢ €J is called revier if P(cW=Fc. The
linear span Red(J) of all reduced elements is an ideal of J. A JTS J is called radunad if
J=Red(J).

THEOREM 3. Every simple Jordan triple system J which is reduced over an algebraically closed
field F (of characteristic = 2,3) is isomorphic to one of the following:

(i) The JTS F(X) of all finite rank linear operators a: X — X having a (unigue) edjoint with
respect to a pair of dual vector spaces (X,X",g) over F, under P(a)b = aba.

(i) 8(F(X,g), #¥) or LA(F(X,0), #) under P(a)h = aba, with respect to a self-dual
(symmetric or alternate) vector space (X,g) over F.

(1i1) S(F(XY),*) @S(F(Y X),#) or A(F(X,Y),#)®A(F(YX),#) under P(s,b )(ay,b,)=
(aybyay, byaghy) with respect toa pair of dual vector spaces (X,Y,g) and its opposite (Y ,X,g°P)
over F. .

(iv) F((X,0), (Y,h)) under P(a)b=ab®a, where (X,0),(Y,h) are self-dual (both symmetric
or alternate) vector spaces over F.

(v) F(X)Y) ® F(X')Y) under P(ay,by)(ay, by) = (a;by*ay, byay®by) with respect to
(X,x',@), (Y,Y',h) pairs of dual vector spaces over F.

(vi) AsimpleJTS J(Q,n) under P(a)b =Q(a, n(b))a - Q(a)n(b), where J is a vector space
over F, Q is a nondegenerate quadratic form and 1 a linear mapping such that r|2 = Id,
a(n(a)) = Q(a).

(vii) The JTS J(Q) @ J(Q) under P(a,b)(c,d) = (P(a)d, P(b)c) where P(a) is as abave with
n=Id ‘

(viii) A finite-dimensional simple exceptional JTS over F.

THEOREM 4. For a Jordan Banach triple system (J, ||. || ) the following conditions are
equivalent:
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(8) J isvon Neumann regular.

(b) J is nondegenerate and coincides with its socle.

(c) J=M, @M, ® .. 8@ M, isadirect sum of closed simple ideals each of which is topologically

isomorphic to one of the following:

(i) Asimple finite dimensional Jordan triple system over the complex field.

(ii) The Jordan Banech triple system BL{X,Y) of all continuous linear operators a: X — Y

under P(a)b = ab®a endowed with the norm || & ||'= Mex{|a], | 8#|}

( 1.1 being the operator norm), where (X,g), (Y,h) are complex self-duel Benech spaces (both

symmetric or alternate) with X finite-dimensional.

(i) The Jordan Banech triple system BL(X,Y)®BLX'Y") under  P(a,,b;)ap.by)=

(8,b,%a,, bysy*b,) with ||(a, b)|"=Max{|al, [b], la*], [b*]}, where (XX",g), (Y,Y"h) are

pairs of dual complex Banach spaces with X, and therefore X too, finite-dimensional.

(iv) The Jordan Banach triple system J(Q,n) under P(a)b= Q(a,n(b))a-Q(a) n(b), wheredJ ise

infinite-dimensional complex Banech spece, Q a continuous nondegenerate quadratic form and
1):J—- J isacontinuous linear mapping such that n2 = 1d and Q(1(a))=Q(a).

(v) The polarized Jordan Bansch triple system J(Q)®J(Q), where J(Q) is en infinite~

dimensional quedratic Jordan Banach algebra (see[1]), and ||(a,b) [[=Max{ [lall, |[bll}.

Sketch of the proof.  From Theorem 2, every von Neumann regular Jordan Banach triple system

coincides with its socle and hence, by completeness, is a direct sum of a finite number of clused

simy/e ideals. Since every simple von Neumann regular Jordan Banach triple system is reduced,

wE épply Theorem 3. Finally, we improve this classification for the Banach case with arguments

suggested to us by Rodriguez Palacios.
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