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Let E be a locally convex space {(lcs) and A an ideal of
operators between lcs; we are mainly interested in A=F (finite
rank operators) and A=K (compact operators).

Definition. E 1is said to possess the Uniform Approximation
Property with respect to A, (in short A-UAP), when for each
U€U(E) there exist a V€ U(E) and a sequence (Tn) ¢ A(E,E) such
that

1
pU(x - Tnx) § n pv(x) X€E

and it is said to have the co-A-UAP when for each A ¢ B(E)
there exist a B €B(E) and a sequence (Tn) CA(E,E) such that
pB(x - Tnx) < n~! x €A

Recalling that G denotes the ideal of operators acting
between Banach spaces which are approximable (in the operator
norm) by finite rank operators, we have proved in |2 that
E has the F-UAP iff E is a G-~space and that E has the co-F-UAP
iff E{ is a G-space. Combining this with |7|, we establish
the relationh between the F-UAP and the classical Approximation
Property (AP):

Theorem 1. |2|. Let E be an FM space; then are equivalent:
1. E has AP 2. E has co-F-UAP 3. Ef has F-UAP 4. E! has AP

when we pass to the choice A=K we have

Theorem 2. |4| Let E be an FM space. Then are equivalent:
1. E has CAP 2. E has co-K-UAP 3'Et'1 has K*%UAP 4. Et': has CAP

where CAP denotes the Compact Approximation Property of |gj.
It is worth to remark that in this case not only El'y has K-UAP,
but the sequence of compact operators is '"collectively com-
pact" -see |5|-.
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We turn again to the F-UAP, which we sill simply call UAP.
In |1| Benndorf proves: Let E be a Fréchet Schwartz space with
the Bounded Approximation Property (BAP), and A a sequence
space. Then there exists a partition of the identity in E ab-
solutely- )‘—summable. If E possesses an FDD, then E also po-
ssesses an absolutely- ) -summable FDD.

His proof is based upon the result of Pelczynski and Woj-
taszczyk: "Every Fréchet space with tMe BAP is isomorphic to
a complemented subspace of a Fréchet space with an FDD".([8])

In |3| we showed that the core of the proof is actually the
UAP, by giving a purely internal proof of Benndorf's result
without appeal to Pelczynski's theorem; the idea is that once
the UAP is obtained, by "diagonalization" of the sequerices of
operators we may reach any prefixed order of convergence with

respect to O-nbhd.

Analogously, we will have that in a lcs with a fund-.ental
system of bounded sets and the co-UAP, again by 'diagcnaliza-
tion" we could reach any prefixed order of convergene with
respect to bounded sets; recalling that in |[6]| is defi.ed for
a sequence (xn) in a lcs E to be boundedly- X -summable when
there exists a bounded set B in E such that (pB(xn))é A ,
we may prove:

Theorem 3. |3]. Let E be a complete DF co-Schwartz space with
BAP, X a sequence space. Then E possesses a boundedly- >\-sum—
mable partition of the identity. If E possesses an FDD, then
E also possesses a boundedly- N\ ~summable FDD.

dualizing in this way Benndorf's result. It is c¢lear that in
both cases the difficulties arise in proving that BAP implies
UAP and co-UAP (compare this with Theorem 1).

Replacing again the ideal F by the ideal K of compact opera
tors, we have the notions of K-BAP (a sequence of compact ope-
rators pointwise convergent to the identity), compact parti-
tion of the identity and K-Decomposition, and may prove:

Theorem 4 |4|. Let E be a Fréchet Schwartz space (resp. a com-
plete DF co-Schwartz space), and >\a sequence space. Then E



70

-

possesses the K-BAP then E also has an absolutely- X -summable
compact partition of the identity (resp. a boundedly- \ -sum-
mable coinpact partition of the identity). If E possesses a
K-D, then E also possesses an absolutely- )\—summable (resp.
boundedly— A -summable) KD.

Compare again this with theorem 2.
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